MUONIC-DECAY BRANCHING RATIO OF A HYPERON

On the basis of two possible cases of A, decay, R,
calculated according to Eq. (3) is

R“=|:<r224> / (984)](0.0182><0.66)

2
= =1X10.
19 700

The effective sample size of lambda decays in this
experiment is seen to be 19 700.

This experiment gives an upper limit of R, <4.5X10~*
at the 59, significance level. A lower limit can be set to
the branching ratio from the observation of Good and
Lind of one unambiguous case of A, decay in a total of
2500 lambdas,? giving R,>0.2)X10~* at the 59, signifi-
cance level. The combined results define a 909, confi-
dence interval for R,:

0.2X104< R, < 4.5X 104,

3 M. L. Good and V. G. Lind, Phys. Rev. Letters 9, 518 (1962).
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This estimate is consistent with R,= (1.340.2) X 10~
deduced from the measured B-decay rate of the lambda
hyperon,! if we assume that the decay processes
A— pe 5 and A— pu~5 are identical except for the
uw~—e~ mass difference. A theoretical value!* of
R,=2.4X10"% has been predicted on the basis of the
universal V—A weak-interaction theory®® and the
hypothesis that the renormalization of the coupling
constant due to strong interactions can be ignored in
leptonic lambda decays. The measured value of R,
clearly disagrees with the calculated one; it has already
been shown that the Ag decay rate is similarly depressed
relative to the predicted value.!
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The Bethe-Salpeter equation for the triplet amplitude in the intermediate-vector-boson theory of weak
interactions is shown to have a unique solution in configuration space; the solution has an essential singu-
larity at the light cone, and does not have a Fourier transform. If the neutrino mass is zero, there exists a
prescription that “regularizes’ the amplitude to zero on the mass shell.

ECENTLY, Feinberg and Pais' have conducted
interesting studies of a Bethe-Salpeter (B-S)
equation that arises in the intermediate-vector-boson
theory of weak interactions. In this paper we continue
along similar lines; in particular, we show that in
general the B-S equation for the triplet part of the
amplitude has no solution in momentum space.
The B-S equation under consideration arises from the
graphs shown in Fig. 1; for reasons of simplicity, we
take m,=m,=my, m,=m,=m,, and assume that all

*Work supported in part by the U. S. Atomic Energy
Commission.
t Present address: Institute for Advanced Study, Princeton,
New Jersey.
I I Present address: Nihon University, Kanda-Surugadai, Tokyo,
apan.
1 G, Feinberg and A. Pais, Phys. Rev. 131, 2724 (1963); 133,
B477 (1964). See also Y. Pwu and T. T. Wu, Phys. Rev. 133,
B778 (1964).

masses are finite for the time being for reasons to be
explained later. The initial four-momenta of leptons
are taken to be zero as in Ref. 1. If the amplitudes for
the processes in Figs. 1(a) and (b) are 4; and A, define

[(2m)8/4]4 = A1k 4,.

This amplitude satisfies (units A=c=M=1, with M
the boson mass)

.P__Ai(k)P.,.: _4g2P_A(k)P+
Fg? / d*k1P_A(k—ky)

k1® klP_A:h(kl)P+
(k2—mp+ie) (k2 —m2+ie)

®
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Fic. 1. Graphs representing the coupled
Bethe-Salpeter equations.

where
1 4A—EkQk
A=
(2n)t B2—14-ie
A=17.@7v*,
Pi=v:®%vs, v+=3(=%ivs),
and

k=v-k.

Here, v matrices to the left (right) of the direct product
sign ® are associated with the left (right)-hand
Fermion line in Fig. 1. In deriving Eq. (1), use is made
of

1 k @

Y+ Y=Y+ -
Th—m +k2—m2

It can be shown that

Py (AS—A)=0, P, ARQk=IP.A?, 3)
[A, k®k]=0.

From the first relation, A? and 1—A? are comple-
mentary projection operators, and it turns out that A2
selects singlets and 1—A? selects triplets. Since the
singlet amplitude has been extensively studied in
Ref. 1, we specialize to the triplet case and multiply
Eq. (1) by (1—A?) on the left. Defining

i
A= (1—ADA=——(1—A?) ,
(2m)* "p—1+ie

(1—A%)P_A4(k)Py= (B*—m?)

X (k2 —m,*)(1—A*)P_B.P,, (4)
we have

(R—m2) (R—m,?)P_B,Py=—4g*P_A, (k) P,

Fg? / Ak P_A,(E—Ek)RiQ Ry
X (1—A%)P_By(k)Py. (5)
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The Fourier transform of this equation is
(@—m2)(O—m})(1—A?)P_B, ()P,
=—4G(1—A%)a®dD(\)£G(1—A%)
X[d®dD(\)]-9Q 8(1—A2)P_B, (x)P;, (6)

where
DO T HO[(—ie]
20—t ‘
(= INDv2=—4(|7]) 2,
N=dt=ai—2, G=(¢/20), Q
and

9=+-0.
B, must be of the form
P_(1—A%) B, (9)Py= Px@x(1—A)Fs(\) ,

with F a scalar function.
Substitution into (6) gives,

d? d m? a2 d m?
(x 4y )(x .14—+—>Fi(x>
d\N d\ 4 ax d\ 4
xsF )Il
=GD”<:I:( )\* —1), ®)

with F'=dF/d\, and it follows from (4) and (8) that

)8 A
Zi(x)=£2—lGx®x(1—-A2)D” (:t W) — 1> . (9
4 A

We now investigate the properties of the solutions of
Eq. (8) at the light cone (A\=0) and at A= co separately.
At A= o, the right-hand side of Eq. (8) goes to zero
because of D”, and the equation becomes,

@ d mAN/s & d m?
<}\——+4-—|—~——->(>\'—+4_+—>F:I:()‘)=O, (10)
ar d\ 4 a2 dN 4

with the solutions
F:bl; 1,2 (x) —_ )\—8I2H3(1.2) (lelIZ) ,
A—00

(11)
Fyrni12 ™) ;_) \32H (1D (m,\2) |

The m?— e rule picks out the proper branch of these
functions and prescribes that only F%% and F*? cor-
respond to solutions of Eq. (5). These solutions can be
constructed explicitly by the Green’s function tech-

nique; define G(\,\') by,
a? d m? a2 d m?
( —+4——+——><)\—+4——+———)
v dN 4 a2 d\ 4
XGAN)=6(A—N), A0,
GON)=0 if N<A.

(12)
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Explicitly, G(\,\) is given by

6 ()\—)\') A\ 32
GON)= (—> (TN N (1)
m;’ —_ m,’ N

- Js ('m’v>\ll2) N3 (mv)\lllz) - N3 (’m'l)\llz)

X T3 (m\12)+ N3y (m N2 T5(m,N12)} . (13)

The F’s satisfy the following integral equations:
F:!:v,l,l 2 (>\) =)\—3I2H3(1.2) (m”l)\lﬂ)

(NBFyrbL2)”

+G f ) dNGO\N)D” ()J)l::!: —1]. (14)

This integral equation converges for A>0. Under the
same condition, it has the following convergent per-
turbation expansion:

Fy 1) =X-SH, D (o, )

+G / ANGQAN)D” ()

(NS (m, N
(o]

We can set m,=0 in Eq. (15), since G(\,\’) is finite
in this limit, and terms of the form 1/m,3\3 and 1/m,2\?
which blow up as m, — 0 do not contribute to the physi-
cal amplitude given by Eq. (9). However, if one sets
m,=01in Eq. (8) directly, the homogeneous part of this
equation has a trivial solution 1/A® which does not
contribute to the physical amplitude. Therefore, one
solution is lost if the substitution m,=0 is made in the
original differential equation. The correct procedure is
to set m,=0 in the solution given by Eq. (15).

For \ near 0, we require the leading singularities of

D),
D”"(\)=(2/M)+(1/4\)+- - -. (16)

Let (1/\) (A3F)” =¢*® and solve for the most singular
part of Z(\) near the origin; this gives four different
solutions of the homogeneous equation near A=0,

(15)

F+—(\) — N4 exp[ = (8G/N\)12]

=N exp[ £ (G/7)(2/MN"]  (17)
Fy— (1/)\2)+dz+b2)\+ s
F3—> (1/)\3)+a3+b3)\+ trr.

The solutions F, and F3 give rise to derivatives of
four-dimensional delta functions 6 (x) on the left-hand
side of Eq. (8), for which there is no counterpart on the
right-hand side. Hence F; and F; do not satisfy Eq. (8)
near the point =0 and must be discarded. To see how
this comes about, take B(x)=1/A% in Eq. (6) and cal-
culate the most singular term near =0 on the left-hand
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side of the equation;

o-sefront] -2 (0)

(=47

1 (1—-A2)i(2m)?
® amz)—\ =—

ad (04 (x)) (18)

and similar conclusions hold for F 2. Terms like 9x96%(x)
give rise to extra terms like k® k in momentum space,
and these should be absent from the original integral
equation,

Consider the particular solution F, of the inhomo-
geneous equation which behaves near the light cone like
Fp(\) > 1/64-a N4+, A—0.

In order to obtain a solution F with proper behavior
at « and no Fy or '3 component, it is necessary to take

F=F,+AF++BF-,

where 4 and B are determined by the conditions that
the coefficients of F!! and F”! vanish at . Since F,
is even in g, it follows that A(g)=B(—g). Hence,
except for the unlikely (since 4 is complex) possibility
that 4 vanishes for a special set of values of g, m;, and
m,, 4 cannot be zero and, since F* increases exponen-
tially near the light cone, 4 (x) has no Fourier trans-
form, and the original integral equation has no solution
in momentum space.

We note that the Fourier transform of 4 (#) is of the
form (1—A2)k®kEkf(k?) and on-the-mass-shell elements
of A(k) give 0X « when zero-mass neutrinos are in-
volved.? Hence, it is possible to regularize so that the
on-the-neutrino-mass-shell triplet amplitude is zero
simply by taking the limit Mz— 0 after the limit
k— 0, where Mz is a regulator mass (or, possibly,
masses).! This method gives an amplitude with an
essential singularity at k=0, in conflict with the usual
analyticity properties of such amplitudes. It can also
be questioned on the ground that in the renormalizable
theories, where regularization has been proved to be a
consistent way of treating singularities, regularization
is apparently #ot required in order to obtain finite solu-
tions of B-S equations.?

It remains to investigate the possibility that when
nonzero four-momenta are used for the initial leptons,
the singularity at the light cone may disappear. Pre-
liminary studies show that this may occur. It is also
possible that the most singular part of the configuration
space solution is canceled by graphs not considered
here.

2 We thank H. Fried and D. R: Yennie for bringing this to our
attention.
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